
AIAA JOURNAL
Vol. 33, No. 11, November 1995

Prediction of Nonequilibrium Turbulent Flows
with Explicit Algebraic Stress Models
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An explicit algebraic stress equation, developed by Gatski and Speziale, is used in the framework of the K-UJ and
K-e formulations to predict two-dimensional separated turbulent flows. The nonequilibrium effects are modeled
through coefficients that depend nonlinearly on both rotational and irrotational strains. The proposed models
were implemented in the Courant-Friedrichs-Lewy three-dimensional Navier-Stokes code. Comparisons with
the experimental data are presented, which clearly demonstrate that explicit algebraic stress models improve the
response of standard two-equation models to nonequilibrium effects.

I. Introduction

C OMPUTATIONAL fluid dynamics has become an increasingly
powerful tool in the aerodynamic design of aerospace vehicles

as a result of improvements in numerical algorithms and computer
capabilities (e.g., speed, storage). Major future gains in efficiency
are expected to come about as massively parallel supercomputer
technology matures. However, some critical pacing items limit the
effectiveness of computational fluid dynamics in engineering. Chief
among these items is turbulence modeling. Several turbulence mod-
els of varying degrees of complexity, which can be classified as
either eddy viscosity or Reynolds stress models, have been pro-
posed. Excellent reviews of turbulence models have been provided
by both Speziale1 and Wilcox.2

Eddy viscosity models use the Boussinesq isotropic effective vis-
cosity concept, which assumes that the turbulent stresses in the mean
momentum equation are equal to the product of an eddy viscosity
and a mean strain rate. Zero-, one-, and two-equation models are
among the most popular eddy viscosity models for engineering ap-
plications because of their ease of implementation in computational
fluid dynamics codes. Algebraic or zero-equation models, which
assume local equilibrium of the turbulent and mean flow, have pro-
vided reasonable predictions for simple flows. When the turbulent
transport is important or the mean conditions change abruptly, these
models do not work well. One-equation models improve the pre-
dictions for simple near-equilibrium flows but do not account for
complex effects on turbulence. Two-equation models are developed
to take explicit account of the history of the turbulence through two
transport equations for turbulent length and time scales. These mod-
els offer good predictions of the characteristics and physics of simple
separated flows and flows with gradual changes in boundary con-
ditions. However, two-equation models fail in many practical flows
because they cannot properly account for streamline curvature, ro-
tational strains and buoyancy; they provide an incorrect response
to strong adverse pressure gradients; and they cannot describe the
anisotropy of turbulence. As a result, various ad hoc modifications
to the models have been proposed to achieve the proper response
(see Lakshminarayana3). In these modifications, effects on turbu-
lence, such as those due to streamline curvature, have been directly
accounted for in the eddy viscosity expression or have been re-
flected indirectly in the turbulence-model equations by modifying
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the dissipation-rate equation. The improved two-equation models
predict a wider range of flows; however, they still fail to prop-
erly capture the physics in a broad class of flows. To overcome
some of these deficiencies, two-equation turbulence models that
are nonlinear in the mean strain rate were proposed by Speziale4

and Rubinstein and Barton.5 These models have provided accu-
rate predictions of turbulence intensities. However, these models
are not consistent with Reynolds stress models because they have
constant coefficients.

Reynolds stress models represent the highest level of closure that
is currently feasible for practical calculations. These models are su-
perior to the two-equation models in that they eliminate the assump-
tion that the turbulent stresses respond immediately to changes in the
mean strain rate. Also, they account for the anisotropy of turbulence
and some extra effects on turbulence (e.g., due to streamline cur-
vature and rotation) through extra production terms that explicitly
appear in the Reynolds stress transport equation. However, mod-
els for many unknown turbulent quantities are required. This need
is generally met by assuming that the turbulence is locally homo-
geneous and in equilibrium. Existing Reynolds stress models have
been shown to give good descriptions of two-dimensional mean tur-
bulent flows that are near equilibrium. However, computer costs and
numerical stability problems that arise from the absence of the turbu-
lent viscosity make assessment of the limitations of these models in
predicting complex flows difficult. However, second-order closure
models could be used to derive better two-equation models because
fundamentally they are constructed on a stronger theoretical basis
than the lower level models.

Recently, a methodology for deriving a general nonlinear con-
stitutive relation (or an explicit algebraic stress equation) for the
Reynolds stress tensor from second-order closures has been pro-
posed by Gatski and Speziale,6 based on the ideas of Pope.7 This
derivation is based on the assumptions that the net convection
of the turbulent stresses is proportional to the net convection of
the turbulent kinetic energy and that the structural parameters of
the turbulence are constant along a streamline. As a result, a new
generation of two-equation models is obtained with coefficients
that depend on rotational and irrotational strains. This new fea-
ture extends the range of applicability of the standard two-equation
models.

In this paper, the algebraic stress equation is applied within the
context of the K-a) and K-s two-equation models. The ability of
the proposed models to predict nonequilibrium flows is evaluated
systematically, including transonic flow over an axisymmetric bump
and flow over two different airfoils. The Courant-Friedrichs-Lewy
three-dimensional (CFL3D) Navier-Stokes code is used to simulate
the flows considered.
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II. Theoretical Analysis
For a weakly compressible turbulent flow at high Reynolds num-

bers, the Reynolds stress tensor TIJ = w7"7 *s a solution of the
transport equation8

3 '-'

given that n/7 is the pressure-strain correlation, Dj. is the turbulent
transport term, s is the turbulent dissipation rate, v is the kinematic
viscosity, w, is the mean-velocity component, p and is the mean
density. Explicit compressibility effects are neglected in Eq. (1)
due to the applicability of Markovin's hypothesis in these weakly
compressible flows.

If we contract the indices in Eq. (1), then we obtain the transport
equation for the turbulent kinetic energy K = w7w7/2:

DK
(2)

given that P = — T/;-(9w//9*/) is the turbulence production term
and DT

K is the turbulent transport term.
Rodi9 proposed the idea of algebraic stress closure, which pro-

vides algebraic equations without solving differential equations for
the Reynolds stresses. He assumed that

and

where

Dt

IK

(3)

(4)

(5)

is the anisotropic Reynolds stress. Physically, two assumptions are
made in the algebraic Reynolds stress closures: the convection term
minus the diffusion term in the Reynolds stress equation is propor-
tional to the convection term minus the diffusion term in the turbulent
kinetic energy equation and the anisotropic Reynolds stress b^ is
constant along a streamline.

The substitution of Eqs. (3) and (4) into Eq. (1) yields the follow-
ing algebraic stress equation:

(P - s)bij = -\KSij - K(bikSjk + bjkSik - l

- K(bikWjk + bjkWik)

where

and

2\dxj
,

(6)

(7)

(8)

are the mean-rate-of-strain tensor and mean-vorticity tensor, respec-
tively.

Given a pressure-strain-correlation model, Eq. (6) provides an
implicit algebraic equation for the determination of the Reynolds
stress Ttj. Computations that use this model have shown that sta-
ble numerical solutions are difficult to obtain. Hence, an explicit
algebraic stress equation that is a mathematically consistent repre-
sentation of Eq. (6) is preferable.

Pope7 developed a methodology for obtaining explicit algebraic
stress equations by using a tensorial polynomial expansion in an
integrity basis. Gatski and Speziale6 used this method to derive an
explicit algebraic stress equation for three-dimensional turbulent

flows. To generalize their results, they applied their algebraic stress
representation to the general class of pressure-strain-correlation
models for n// that are linear in the anisotropic tensor b^. The
general form of I~I/7 is

(Utj/p) = -Ctsbfj + C2KSij + C3K(bikSjk + bjkSik

- lbmnSmn^} + C4K(bik Wjk + bjkWik) (9)

The explicit nonlinear constitutive equation, derived by Gatski and
Speziale,6 is then given after regularization by

(a4/Q))(SikWkj

+ SjkWki) - (a5/co)(SikSkj - ±SklSkl8ij)

with

3(1 +

rf =

(10)

(11)

(12)

(13)

where p is the mean density and co = s/K is the specific dissipation
rate. The constants in Eqs. (11-13) are given by

(14)

g (15)

= (2 - C3)g,
(d/2)

(16)

Note that the derivation of Eq. (10) is valid for both the K-co and
K-s formulations. In the present study, the pressure-strain-
correlation model of Launder et al.10 is considered; the coefficients
are

Ci=3, C3 = 1.75

C5 =
(17)

The nonlinear constitutive equation (10) must be solved in con-
junction with two transport equations. Therefore, two models will
be proposed. In model A, the K and CD equations are solved with
Eq. (10); in model B, the K and s equations are solved with Eq. (10).

Model A
The modeled transport equations for K and CD are

-
p-— = pP - po)K +

Dt
™^ (18)ntldK
—ak

^ ̂  09)

and

given that /^, = C^p(K/co) and that C^ (= 0.088) is the value of
C* in the logarithmic layer. The coefficients of the model are

ok = 1.4,

and

= 2.0,

C — C^(O\ —— ̂ (tf

= 0.83, /c = 0.41 (20)

(21)
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The coefficient CMl was chosen so that the equation for co satisfies
the law of the wall. The model A will be compared with the isotropic
K-s model of Wilcox11 (hereafter referred to as WL), which has the
following coefficients:

and

crk =2, = 0.83, K = 0.41 (22)

and

= c = 0.09 (23)

Note that the Wilcox model uses the Boussinesq eddy viscosity
concept (0(4 = a5 = 0) and has a constant value for C*.

At the wall, the boundary conditions for K and co, as suggested
by Menter,12 are

K=Q, <y=10-
6v

(24)

where Ay is the distance to the first cell center away from the wall.

Model B
The modeled transport equations for K and s are

_ D K _ _ o i ^n ui\.
p-^ = p P - p £ + ̂ ~ ——

(25)

and

given that jjLtt = C^p(K2/s) and C*, ( = 0.088) is the value of C*
in the logarithmic layer. The coefficients of the model are

ak = 1.0, = 1.3, K= 0.41, C£2 = 1.83

c., = c£2 -

and

or

'- '

(27)

(28)

y+ = — (29)

(30)

given that ur is the shear velocity and v is normal to the wall. Note
that model B can be integrated directly to the wall without adding
a damping to the eddy viscosity. The function / is introduced to
remove the singularity of the dissipation equation at the wall. This
idea was introduced by Speziale and Abid.13

At the wall, the boundary conditions for K and B are

(31)dy )

Model B will be compared with the isotropic eddy viscosity model
developed by Abid14 (hereafter referred to as AB) for transitional
and turbulent flows. The model has the following coefficients:

Cei = 1.45, = 1.83 (32)

The AB model uses the Boussinesq eddy viscosity concept (#4 =
as = 0) and has the following relations for C* and /:

C* = 7 tanh(0.008/?y) 1 + — (33)

/ = 1 - exp_M
12 )

(34)

where C*, = 0.09 and Rt = K2/ve is the turbulent Reynolds
number.

In the turbulence-model equations, the production term P is ap-
proximated in the standard two-equations models (WL and AB
models) as 2vrW/;-W/7-. This approximation is often used for many
airfoil type of aerodynamic flow computations with little effect on
the results.

The new nonlinear constitutive relationship for the Reynolds
stress tensor [Eq. (10)], which extends the range of validity for
the standard two-equation model, has two important features. First,
the new explicit algebraic equation can account for the anisotropy
of the Reynolds stresses and, therefore, can predict turbulent-
driven secondary flows. In fact, the equilibrium Reynolds stress
anisotropies in homogeneous shear flow or in the log layer of chan-
nel flow, which are derived from Eq. (10), are given by

(35)

and

0-4 as

a 5 P

1 p
~2(YK/s)~s

(36)

(37)

(38)

with F = (2SjjSij)l/2. These equilibrium values are very close
to those obtained with the full Reynolds stress model. When the
Launder et al. pressure-strain-correlation model is used, the magni-
tude of the normal Reynolds stress anisotropies are underpredicted.
This deficiency is due to the inaccurate calibration of the Launder
et al. model for homogeneous shear flow, as shown by Abid and
Speziale.15 An explicit algebraic stress equation will correctly pre-
dict the anisotropy of the Reynolds stress if the pressure-strain-
correlation model is calibrated to yield good equilibrium values for
homogeneous shear flows. The Speziale et al. model6 is more accu-
rately calibrated but is not used in this study because it shows evi-
dence of numerical instability in the context of the algebraic stress
formulation when the flow is far from equilibrium (i.e., YK/s is
large). This is because the model responds more sensitively to rota-
tional strains. Systematically derived nonequilibrium extensions of
the model are currently under investigation that appear to remedy
this problem.

Second, the explicit algebraic stress model improves the abil-
ity of two-equation models to account for nonequilibrium effects
through the coefficient C*. To illustrate this point, we consider two-
dimensional turbulent thin shear layers. In this case, the coefficient

0.2
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0.0 «—^
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Fig. 1 Distribution of C* vs parameter YK/e.
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Fig. 2 Distribution of C* vs parameter P/e.

C* depends on the shear parameter YK/s or the parameter P/s
through the relation

Figures 1 and 2 clearly show that the coefficient C* (and therefore
the eddy viscosity) decreases as the parameter YK/s as the effects
of an increase or adverse pressure gradient increase. This finding is
consistent with experimental findings.

III. Results and Discussion
The calculations to be presented were done with the three-

dimensional thin-layer Navier-Stokes CFL3D code,16 which uses a
second-order-accurate finite volume scheme. The convective terms
are discretized with an upwind scheme that is based on Roe's flux-
difference splitting method. All viscous terms are centrally differ-
enced. The equations are integrated in time with an implicit, spatially
split approximate-factorization scheme.

The thin-layer approximation retains only those viscous terms
with derivatives normal to the body surface. It is generally consid-
ered to be a good approximation for high-Reynolds-number aero-
dynamic flows with little separation. The thin-layer assumption is
also used for all dut/Qxj terms appearing in the source terms of the
turbulent equations. The effects of grid density have been assessed
in previous studies using the CFL3D code (see Refs. 12 and 15) and
are not repeated here.

The performance of the turbulence models selected in the present
study was evaluated for the flat-plate turbulent boundary layer at a
zero pressure gradient. As expected (the results are not shown here),
all turbulence models yielded good predictions of the mean-velocity
profiles and skin-friction coefficients. Note that the turbulent al-
gebraic stress model within the context of the K-s formulation
(model B) can be integrated directly to a solid boundary with no
damping function in the turbulent eddy viscosity. Although some
turbulence properties near the wall are not captured (i.e., the peak
of the turbulent kinetic energy), model B does give accurate results
away from the buffer layer (i.e., y+ > 40).

The first case to be considered is the supercritical airfoil RAE
2822 (case 9), which was tested by Cooke et al.17 The airfoil has
a maximum thickness of 12.1% c and a leading-edge radius of
0.827% c (c is the chord of the airfoil).

The grid used is a 257 x 97 C mesh with 177 points on the airfoil
and a minimum spacing at the wall of 0.932 x 10~6c. The outer
boundary extent is approximately 18c, and transition is assumed at
3% c. For case 9, the conditions include a Mach number M^ =
0.73, an angle of attack a = 2.8 deg, and a Reynolds number
Re = 6.5 x 106.

This case contains no separated flow and is not, therefore, partic-
ularly challenging. However, such building block flows need to be
considered in validating turbulence models to provide a complete
picture of this range of applicability. Figures 3 and 4 compare the sur-
face pressure coefficients computed along the airfoil surface from
the four turbulence models with the experimental data. Those mod-
els based on the K-co formulation provide a good representation of
the pressure over most of the airfoil. On the other hand, the mod-
els based on the K-s formulation predict a shock location that is
upstream of the location shown in the experiment.

The skin-friction coefficients along the airfoil surface for the four
models are compared with the experimental results in Figs. 5 and 6.

Model A
....... WL

o experiment

0.0 0.2 0.4 0.6 0.8 1.0 1.2

x/c
Fig. 3 Surface pressure distribution for RAE 2822 (case 9).
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Fig. 4 Surface pressure distribution for RAE 2822 (case 9).
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Fig. 5 Skin-friction coefficient for RAE 2822 (case 9).
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Fig. 6 Skin-friction coefficient for RAE 2822 (case 9).
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Fig. 7 Mean-velocity profiles for NACA 4412.
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Fig. 8 Mean-velocity profiles for NACA 4412.
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Fig. 9 Surface pressure distribution for transonic bump flow.

All models overpredict the skin-friction coefficient downstream of
the shock; however, the models using the K-s formulation predict
levels that are unrealistically high. This deficiency results from the
tendency of the K-s models to predict excessive near-wall levels
of turbulent length scale in the presence of an adverse pressure
gradient, which leads to high values of the eddy viscosity.

The second case to be considered is the NACA 4412 airfoil exper-
iment of Coles and Wadcock.18 This case involves separation and,
therefore, is more challenging than the previous case. The experi-
ment was conducted at the following conditions: Re = 1.52 x 106,
based on the chord length; M^ = 0.2; and a = 13.87 deg. The grid
used was 257 x 97 C mesh with 177 points on the airfoil, a minimum
spacing at the wall of 0.227 x 10~4c, and an outer boundary extent
of approximately 18c. It should be noted that the wind-tunnel walls
probably need to be modeled in the computation to account for their
effect on the surface pressures. However, the velocity profiles from
this case using a "free air" grid have been used so often to validate
turbulence models that we include them here for completeness and
consistency with previous studies. Although outside the scope of the
present study, turbulent model validation utilizing this case in an ex-
ternal flow geometry should be redone in the more precise internal
flow configuration. Figures 7 and 8 compare the computed mean-
velocity profiles at different stations with the experimental data. As
shown in Figs. 7 and 8, the nonequilibrium effects for this case are
significant, and the solution obtained with the WL model predicts
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Fig. 10 Surface pressure distribution for transonic bump flows.
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Fig. 11 Mean- velocity profiles for transonic bump flow.
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Fig. 12 Mean-velocity profiles for transonic bump flow.

too little separation; results from model A agree well with the data.
Model B predicts too much separation; model AB gives surprisingly
satisfactory results.

The third case to be considered is a transonic flow over an ax-
isymmetric bump.19 This flow was developed over an axisymmetric
hollow cylinder that was aligned with the flow direction. A circular
arc bump was used to develop a strong shock to induce separation.
The separation occurred at x/c = 0.7, and the flow reattached at
x/c = 1 . 15 (x/c is the distance from the leading edge of the circular
arc section). A 1 8 1 x l 0 1 x 2 grid was used with 88 points on the
bump and a minimum spacing at the wall of 0.198 x 10~4c. The
upper boundary is approximately 3.7c above the bump.

In Figs. 9 and 10, the experimental surface pressure distributions
for MOO = 0.875 and Re = 2.66 x 106 are compared with com-
puted profiles obtained from the four different turbulence models.
As shown in Figs. 9 and 10, the surface pressure distributions ob-
tained with turbulence models based on the algebraic stress equation
are in better agreement with the experimental results than those ob-
tained with either the WL or the AB model. Models A and B show
some improvement in establishing both the location of the shock
and the pressure level in the vicinity of separation.

The computed velocity and Reynolds shear stress profiles are
compared with the experimental results in Figs. 1 1-14. The profiles
predicted by the models based on the algebraic stress equation agree
better with the experimental data than those predicted by the AB
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Fig. 13 Turbulent shear stress profiles for transonic bump flows.
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Fig. 14 Turbulent shear stress profiles for transonic bump flows.

and WL turbulence models. This result is due to the ability of the
algebraic stress models to limit the rise of the Reynolds shear stress
in the vicinity of the shock. As evident from Fig. 2, the coefficient C*
decreases when the parameter P/s increases in adverse-pressure-
gradient flows, which results in the reduction of the eddy viscosity
and, therefore, of the turbulent shear stress. Additionally, model A
performs well in predicting mean-velocity profiles in the pressure
recovery region downstream of the reattachment (x/c > 1.15).
However, model B does not perform as well in this region.

IV. Conclusions
A study of explicit algebraic stress models, used in the framework

of the K-s and K-a> formulations for separated turbulent flows,
has been conducted. This new generation of two-equation mod-
els, which is derived from second-order closures, has been tested
against three test cases, two of which involve separation. The linear
pressure-strain-correlation model of Launder et al. was selected in
this study. Two major findings have been made in this study: ex-
plicit algebraic stress models have shown some improvement over
the standard two-equation models because of their ability to ac-
count for nonequilibrium effects and explicit algebraic stress models
can be integrated to a solid boundary with no damping function
in the turbulent eddy viscosity. Thus the explicit algebraic stress

formulation increased the range of applicability of a two-equation
turbulent closure formulation at a minimal increase in cost and stor-
age. Further study is needed to select the pressure-strain-correlation
model that provides the correct response to complex effects such as
rotational and anisotropic effects.
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